We derive a condition for a non-trivial solution of the SchwingerDyson equation to be accompanied by a Goldstone bound state. It implies that, for quenched planar QED, although chiral symmetry breaking occurs when there is a cutoff, the continuum limit fails to exist. * Mailing address.
I. Introduction
Dynamical chiral symmetry breaking 1 (DCSB) has been extremely useful in a wide variety of topics in physics, from the success of low energy theorems in current algebra, to the construction of composite models of the Higgs boson. There are two aspects in the mechanism of DCSB, the mass generation of fermions and the existence of the Goldstone boson.
2 More concretely, chiral symmetry breaking occurs when the self-consistent Schwinger-Dyson (SD) equation for the fermion mass develops a non-trivial solution as the coupling constant reaches a critical value. 3 In addition, for the same coupling constant, there must also exist a bound state solution of the Bethe-Salpeter (BS) equation, with vanishing 4-momenta, corresponding to the massless pseudoscalar Goldstone boson. When both of these conditions are met, the self-energy solution shall be called a symmetry-breaking solution. We should also mention that T. Maskawa and H. Nakajima 4 had proposed an equivalent condition for the existence of the symmetry-breaking solution. Their condition is that the self-energy solution has to satisfy the Ward-Takahashi identity.
For definiteness, we will concentrate on QED in the massless, quenched planar approximation 5 , which is a well-known model in the study of DCSB. It is simple enough for a detailed study on its properties, yet it is also rich in structure which suggests general physical features in other models. Thus, with the incorporation of running coupling constant, it can be easily extended to QCD in the large N approximation. 6 In addition, results gleaned from studies of this model have been used in the construction of realistic models in the context of technicolor 7 , tt condensation 8 , etc. In the study of the quenched planar QED, an important question concerns the cutoff. Thus, Maskawa and Nakajima established the existence of a critical coupling constant α c in the solution of the SD equation with a cutoff, Λ. When α > α c , a nontrivial solution of the SD equation emerges which signals the advent of chiral symmetry breaking. A natural question is whether there exists a limit, α c (∞) = lim Λ→∞ α c (Λ), corresponding to the existence of a spontaneously broken phase in the continuum limit.
3 That such an ultraviolet fixed point exists is often accepted without close examinations. In this work we will study this important question in detail. To this end we consider the BS equation with the quantum numbers ℓ P = 0 − and vanishing 4-momentum. The mass in the fermion propagator contained in the BS equation is identified with the self-mass of the non-trivial solution of the SD-equation. A symmetry-breaking solution of the SD equation must be one which is associated with a pseudoscalar bound state solution of the BS equation. It can be established that the bound state wave function is related to the self-energy function. Thus, the normalization condition of the bound state wave function is converted into one for the self-energy function. In this way, we find a necessary and sufficient condition for the non-trivial solution of the SD equation to be symmetry-breaking. When we apply this result to the quench planar QED, we find that the critical point does not have a limit. Thus, the ultraviolet fixed point can not exist in quenched planar QED in the continuum limit, although DCSB is established in the case with a cutoff.
II. Schwinger-Dyson and Bethe-Salpeter Equations
¿From the Goldstone theorem, it is well-known that a massless boson appears whenever a generator of a global continuous symmetry group is broken spontaneously. The quantum number of this particle corresponds to that of the operator of the current which is broken. For massless quenched QED, the broken current is the electromagnetic axial current so that the Goldstone particle is a pseudoscalar boson. We associate this to the bound state solution of the BS-equation, in which the fermion mass will be identified with the dynamically generated mass from the SD equation. This approach has a number of advantages in quenched planar QED. First, in the ladder approximation, unitarity in elastic scattering is restored and the problem of abnormal states is alleviated.
9 Second, the approximation in the SD and BS equations are self-consistent. Last, but not least, the requirement that the Goldstone boson accompany the fermion mass generation in ladder QED is satisfied automatically when the condition for a symmetry-breaking solution is met. In the following our discussions will be in this framework and we will deduce the condition for the SD self-energy solution to be symmetrybreaking.
The renormalized fermion propagator will be written as
The SD equation for the fermion self-energy is:
In the quenched planar approximation, we have
and
where ξ is a gauge parameter, with ξ = 0 and ξ = 1 corresponding to the Landau and Feynman gauges, respectively. Substituting Eqs. (3), (4) and (1) into (2), after the Wick rotation and taking trace on both sides, we obtain:
Similarly, with the multiplication of γ · p, we have:
Eqs. (5) and (6) determine the self-energy of the fermion in massless quenched QED. The trivial solution, β(p 2 ) = 0 and α(p 2 ) = finite ( = 1, in the Landau gauge), corresponds to that of the symmetric vacuum. But it is certainly true that not all of the nontrivial solutions signal spontaneous symmetry breaking. The criterion that a nontrivial β(p 2 ) does trigger DCSB is that there must be an accompanying Goldstone boson. That is to say, there must be a bound state solution of the BS equation, with the appropriate quantum numbers and at the same coupling constant.
For a bound state composed of the fermion anti-fermion pair (A andB), in the ladder approximation in QED, the wave function is determined by:
Taking the same approximation as in the case of the SD equation and putting Eqs. (3) and (4) into Eq. (18), the BS equation reads:
This is the form of the BS equation in quenched planar QED. Since the Goldstone state has ℓ P = 0 − and vanishing mass, the wave function χ k (p) is spherically symmetric. Taking k = 0, we write
Substituting Eq.(10) into Eq.(9) and taking trace after Wick rotation, we obtain the BS equation for the Goldstone boson:
III. Condition for a symmetry-breaking solution of the SD equation
For any physical bound state, the wave function must satisfy a normalization condition. For the Goldstone boson wave function, Eq.(11), there were several approaches with equivalent results. 11 We shall quote the normalization condition in the following form, 12 which is valid for a fermion-antifermion system in ladder QED,
Here, M B is the mass of the bound state and λ is the coupling constant, λ = α/4π. For a bound state with vanishing mass, vanishing total angular momentum and negative parity, eq.(12) become:
This is the condition for χ to be the wave function of a physical Goldstone boson which accompanies the non-trivial solution of the SD equation. Due to the spherical symmetry, we can integrate Eqs. (11), (13), (5), and (6) with respect to the angular variables in the 4-dimensional Euclidean space. They are then simplified into the following set of equations:
The wave function χ P 0 (p 2 ) is determined by Eq. (14), with the normalization condition Eq.(15). Eqs.(16) and (17), which determine the self-energy functions α(p 2 ) and β(p 2 ), have been written with explicit ultraviolet and infrared cutoffs. The continuum limit corresponds to Λ → ∞ and ǫ → 0. In these equations, we have also defined α = e 2 /4π. Lastly, the kernels K α and K β are given by:
If we introduce the function
then eq. (14) becomes:
Also the normalization condition reads:
In order for spontaneous symmetry breaking to occur, Eq.(16) must have a non-trivial solution, β(p 2 ) =0. However, this is a necessary, but not a sufficient condition. For β(p 2 ) to be symmetry-breaking, it must satisfy an additional normalization condition. For clarity of presentation, we now state this result in the form of the following theorem.
Theorem: The necessary and sufficient condition for a non-vanishing solution β(p 2 ) of Eq.(16) to be symmetry-breaking is that it must satisfy, together with the solution α(p 2 ) of Eq.(17), the condition:
Proof: If, for some coupling constant α = α i , there are non-vanishing solutions of Eqs. (16) it is also necessary, we need to make sure that the Goldstone boson wave function is nondegenerate, so that the solution in Eq. (24) is unique. The nondegeneracy of the Goldstone mode follows from the fact that it comes from the breaking of the generator of an abelian group. 1 This unique solution must satisfy the normalization condition Eq. (15) , which, in turn, implies Eq.(22). This means that for β(p 2 ) to be symmetry-breaking, it must satisfy Eq.(23).
IV. An Application
The results obtained above will now be applied to QED in the quenched planar approximation. In the Landau gauge, ξ = 0. Then Eq. (18) yields (13) K α = 0 and α(p 2 ) = 1. This is a property of the quenched planar approximation so that there is no wave function renormalization, Z 2 = 1, implying Z 1 = 1, from Z 1 = Z 2 . also, in the quenched approximation there are no photon self-energy and coupling constant renormalizations, Z 3 = 1. Thus, within this model, renormalization does not arise. It is obviously interesting and important to address this problem. However, it is beyond the scope of the present work.
Let us now concentrate on the function β(p 2 ), with α(p 2 ) = 1 and using Eq. (19), Eq. (16) reads:
Even for this simplified equation, one does not have an analytic solution. However, for the purpose of determining the points of phase transition, we can make use of the bifurcation theory. It states that nontrivial solutions of nonlinear equations such as Eq. (25) 
To look for branch points of Eq.(25), there are two useful theorems in bifurcation theory. 1. For α i to be a critical point of Eq.(25), it must be an eigenvalue of Eq.(26). 2. If the operator of the Frechet derivative is compact and if α i =0 is one of its eigenvalues with odd multiplicity, then α i is a branch point of Eq.(25). Thus, to find the bifurcation points of Eq.(25), one need only to solve the eigenvalue problem of Eq.(25), for which general solutions were studied by a number of authors. In particular, converting it into a differential equation, Kondo et al.
14 found the solution:
where
They will have to satisfy boundary conditions at p 2 = ǫ and p 2 = Λ, which are determined by the integral equation, Eq.(25). These conditions determine the coefficients A, B, ... up to a multiplicative constant together with the constraints:
In the physically interesting situation, when ǫ/Λ is small it is seen that Eqs.(30) and (31) can never be satisfied. However, Eq.(32) has a sequence of solutions, λ = λ i . They are dependent on ǫΛ. Also it can be shown that these solutions are nondegenerate. Thus, for quenched planar QED with given ǫ and Λ, the solutions λ = λ i signal the onset of dynamical symmetry breaking.
But this conclusion is not valid in the continuum limit, ǫ → 0 and Λ → ∞. Here, one needs to examine the normalization condition, Eq.(23), that the solution β(p 2 ) must satisfy. A straightforward calculation shows that the solutions obtained above do not satisfy Eq.(23), when ǫ → 0 and Λ → ∞. We conclude that actually there does not exist a value of λ for which quenched planar QED, in the continuum limit, undergoes dynamical symmetry breaking.
V. Conclusions
Nontrivial solutions of the self-energy SD equation have long been associated with dynamical symmetry breaking. However, true DCSB also requires the existence of the Goldstone boson. We will take this to mean that the non-trivial solution of the SD equation must be associated with a solution of the BS equation which has appropriate quantum numbers and zero 4-momentum. In this case, the solution of the SD equation will be called symmetry-breaking, which is the condition for the occurrence of DCSB.
In this work, we studied in detail the symmetry-breaking solution of the SD equation in quenched planar QED. Chiral symmetry breaking occurs when a nontrivial solution of SD equation is associated with a ℓ P = 0 . We applied this constraint to the known solutions of quenched planar QED, and found that, although DCSB occurs when cutoffs are present, the continuum limit does not exist. In the study of dynamical symmetry breaking, it is important to have a criterion for establishing whether a nontrivial solution of the SD equation does signal symmetry breaking. We have found an explicit condition for quenched planar QED. We are now investigating the problem for other models and it should be useful in the general study of phase transitions, such as was done using the bifurcation theory. 15 We hope to present these results in the future.
